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Abstract 

We study the Yamabe problem on open manifolds of bounded geometry and show 
that under suitable assumptions there exist Yamabe metrics, i.e. conformal metrics of 
constant scalar curvature. For that, we use weighted Sobolev embeddings. 

1 Introduction 

In 1960 Yamabe considered the following problem that became famous as the Yamabe prob- 
lem: 

Let (M,g) be a closed Riemannian manifold of dimension n > 3. Does there exist a Rie- 
mannian metric g conformal to g that has constant scalar curvature ? 

This was answered affirmatively by Aubin [5 , Schoen [13] and Trudinger |18j . 

The question can be reformulated in terms of positive solutions of the nonlinear elliptic 

differential equation: 

CM ^i = L g u \\u\\ Pertt = 1 (1) 

where c is a constant, L g = a n A g + scal s with a n = is the conformal Laplacian and 

scal g the scalar curvature. We denote ||u|| p := ||w||z,p( s ) and set p cr i t — In the following 
we will omit the index referring to the metric, e.g. L = L g . 

4 

If a positive solution u exists, then the conformal metric g = u™- 2 g has constant scalar 
curvature. Moreover, solutions of (U} can be characterized as critical points of the Yamabe 
functional 



J M vL g vdvo\ g 



\\v\ 
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The infimum of the Yamabe functional Q(M,g) = ini{Q g (v) \ v G C^°(M)} is called the 
Yamabe invariant of (M,g), where C^°(M) denotes the set of compactly supported real 
valued functions on M. 



Since we take the infimum over all functions with compact support, the definition of the 
Yamabe invariant can also be used for noncompact manifolds. 

What is often referred to as the noncompact Yamabe problem is the question: Let (M, g) 
be a complete Riemannian manifold of dimension n > 3. Does there exist a complete metric 
g conformal to g that has constant scalar curvature? 
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The simplest counterexample is the standard Euclidean space. But in [9, it was shown 
that by deleting finitely many points on a compact manifold one can always construct such 
counterexamples . 

Another way to consider a noncompact version of the Yamabe problem is to ask for a pos- 
itive solution u 6 H\ n L p of |T]) on a noncompact complete manifold that minimizes the 
Yamabe functional. Here, ti\ = H^(g) is the completion of C^°(M) with respect to the 
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norm ||v||#2( g ) := 1 1 "y 1 1 (e?) + IMU 2 (g)- The corresponding conformal metric u n - 2 g will have 
constant scalar curvature but will be in general not complete. 

In this paper, we want to examine the existence of solutions of the Euler-Lagrange equation 
that minimize the Yamabe functional, i.e. we consider the second version of the noncompact 
Yamabe problem described above. 

In [10) . this problem was studied for positive scalar curvature. In the proof, Aubin's in- 
equality is used which was proofed in [H Thm. 9] for compact manifolds. Unfortunately, 
this inequality is not true for an arbitrary open manifold, but the proof of Aubin's inequal- 
ity on compact manifolds carries over to manifolds with bounded geometry. Thus, in the 
assumptions of [TUJ Thm. 1] bounded geometry should be inserted to make the proof work. 
In the following, we want to extend this result by relaxing the assumptions on the scalar 
curvature. Instead of assuming positive scalar curvature, we will assume that p,(M,g), the 
infimum of the L 2 -spectrum of the conformal Laplacian w.r.t. the complete metric g, i.e. 



Theorem 1. Let (M,g) be a connected manifold of bounded geometry with Q(M,[g]) > 
Q(M, [g]). Moreover, let p,(M,g) > 0. Then, there is a smooth positive solution v £ TL\ of 
the Euler-Lagrange equation Lv — Q(M)v PaTit ^ 1 with \\v\\ Pcrit = 1. 

Here, Q denotes the Yamabe invariant at infinity, cf. Definition @] Note, moreover, that 
\l > implies Q > 0, see Lemma [7] 

Our method to prove this theorem will be different to the one in [10] . where the noncom- 
pact manifold is exhausted by compact subsets. There the solutions of the corresponding 
problem on these subsets form a sequence and it is shown that under suitable assumptions 
this sequence converges to a global solution. 

We will use instead weighted Sobolev embeddings and, therefore, consider a weighted Yam- 
abe problem: 

Definition 2. Let p be a radial admissible weight (cf. \17\ Def. 2J) with p < 1. The 
weighted subcritical Yamabe constant is defined as 



where a > and p £ [2,p cr i t ), p C rit = 7^35- If a — 0, we simply write Q p . 

For our purpose, it will be sufficient to think of p as the radial weight e~ r where r is smooth 
and near to the distance to a fixed point z G M, cf. the Appendix [Al Remark fT8l 



At the end, we will show that for homogeneous manifolds with strictly positive scalar curva- 
ture one can drop the assumption on Q. This was shown to the author by Akutagawa who 




is positive. 




Note that Q = Q 



ict=0 

P=Pcrit ' 
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proved this by exhaustion of the manifold at infinity, similarly as in [2j Thm. C]. Similar 
methods are used in [T] Thm. 1.2], where Akutagawa compares the Yamabe constant of a 
manifold M with the Yamabe constant on an infinite covering of M . 

In this paper, we will proceed as follows: In section 2, we shortly give some general results and 
the definition of the Yamabe invariant at infinity. Everything that is needed on (weighted) 
Sobolev embeddings can be found in Appendix A. In section 3, we will prove Theorem[T]by 
considering a weighted subcritical problem. 

The methods developped in this paper to prove existence of solutions of the Yamabe problem 
on manifold with bounded geometry were adapted to prove similar results for a spinorial 
Yamabe-type problem for the Dirac operator. That was done in [7]. 

Acknowlegdement. The author thanks Kazuo Akutagawa for giving many insights to the 
solutions of the Yamabe problem on noncompact manifolds and showing Theorem 1131 which 
we reproved here by our method. Furthermore, I want to thank Bernd Ammann for many 
enlightening discussions and hints on weighted Sobolev embeddings. 

2 Preliminaries 

In the rest of the paper, let (M, g) be an rt-dimensional complete connected Riemannian 
manifold. We will focus on properties of the Yamabe invariant on manifolds. For state- 
ments on embeddings, especially on weighted Sobolev embeddings, we refer to Appendix [A"l 

We will collect some basic properties for the Yamabe invariant on manifolds (not necessarily 
compact or complete but always without boundary) which we will need in the following, cf. 

M- 

Theorem 3. Let fii C C M be open subsets of the Riemannian manifold (M,g) equipped 
with the induced metric. Then Q(Qi,g) > Q(Q,2,g) > Q(M,g). Moreover, 

Q{M,g) < Q(S n ,g st ) = n(n - l)w| 
where u) n is the volume of the standard sphere (S n ,g s t). 

For any open subset Q C S n of the standard sphere, it is Q(Q,g s t) — Q(S n ,g s t). In particu- 
lar, the Yamabe invariants of the standard Euclidean and hyperbolic space coincide with the 
one of the standard sphere. 

In the sequel, we will left out the metric in the notation of Q if it is clear from context to 
which metric we refer to, e.g. in case of the standard sphere we just write Q(S n ). 
We further need the Yamabe constant at infinity. 

Definition 4. (see fllf) Let z € M be a fixed point. We denote by Br C M the ball w.r.t. 
the metric g around z with radius R. Then, 

Q(M,g) := Hm Q(M\B Rl g). 

R— >oo 

The limit always exists since with Theorem [3] we have Q(M \ B^jg) < Q(M \ Bfj 2 ,g) < 
Q(S n ,g st ) for i?i < R 2 . Hence, Q(M) > Q(M). Moreover, the definition is independent of 
the point z. 
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3 Solution of the Euler-Lagrange equation 



The main aim of this section is to prove Theorem [T] For that, we start by considering 
the weighted subcritical problem. Firstly, we will prove the existence of solutions of this 
weighted subcritical problem, see Lemma [5] Then, the convergence of these solutions will 
be achieved in two steps: At first, we fix the weight p a and let the subcritical exponent 
(p < Pcrit) converge to the critical one, cf. Lemma [TT1 Secondly, in Lemma IT^I we let a — > 0, 
i.e. we establish the convergence to the unweighted critical problem. 
Throughout this section let (M n ,g) be a complete connected Riemannian manifold. 

We start by considering a weighted subcritical problem, see Definition [3J i.e. 2 < p < p cr u 
and a > 0. That means we look for a solution of the Euler-Lagrange equation 

Lv = Qy ap v p - X where ||p a t;||p = 1. 

Before considering the solutions, we shortly give some preliminaries on the positivity of Q^: 

Lemma 5. 

i) For < a < (3 and Q > 0, we have Qp < Qp* and limc^o Qp = Qp- 

ii) Qp > limsupg^p Q" for all a > 0. 

Proof. 

i) Since < p < 1 and a < [3, \\p a v\\ p > \\p^v\\ p . With Q > wc know J M vLvdvol g > for 
all v e C C °°(M) and, hence, Q£ < Q% and 

f Ajr vLv dvol f, , vLv dvoL f, , vLv dvoL 
lim Q% = inf inf Jm „ - , |? 9 = inf inf Jm „ - „„ 9 = inf Jm .. „„ 9 - = Q p . 

a\0 P a>0 v \\p a v\\l V a>0 \\p a v\\j v ||u||2 ^ p 

ii) Let now s < p. Then \\v\\ s — > ||u|| p as s — > p and, thus, for all v £ C^°(M) we have 

f, , vLvdvo\ f. , uLudvoL f,, uiudvoL 
Q" = inf ^ ^ = inf lim ^ ^ > lim inf ^ ^ = lim Q a s . 

v \\P V\\l v S ^P \\P v \\* S ^P v \\P v \\s S ^P □ 

Remark 6. 

i) On closed manifolds, if Q p > 0, there is already equality in Lemma [5]ii, cf. [TH Lem. 
V.2.3]. But for the Euclidean space (W l ,g E ) we have Q(R n ) = Q(S n ) > and Q s (R n ) = 
for s € [2, p cr it), which can be seen when rescaling a radial test function v(r) 6 C c X3 (K n ) by 
a constant u(r) = v(Xr). 

ii) On closed Riemannian manifolds, the signs of the Yamabe invariant Q and the first 
eigenvalue p of the conformal Laplacian always coincide. On open manifolds, this is again 
already false for the Euclidean space where piW 1 ) = but Q(W l ) = Q{S n ). 

Lemma 7. We have p < if and only if Q < 0. 

If we assume additionally that the embedding H\ c — > LP for 2 < p < p C rit is continu- 
ous, that the scalar curvature is bounded from below and that p > 0, then Q p > and 
lim mfp_^ crjt Qp > 0. 

Proof. If p < 0, there exists a function v € C^°(M) with J M vLv dvo\ g < 0. Thus, Q p < 
for all p (in particular Q — Q Pcrit < 0). The converse is obtained analogously. 
This implies that p > if and only if Q p > 0. Now let there be a continuous Sobolev 
embedding and let Q p = 0: We show by contradiction that p — 0, i.e. we argue against 
the assumption p > 0. Let Vi £ C£°(M) be a minimizing sequence: \\vi\\ p — 1 with 
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/ ViLvidvolg \, 0. Then, since p > 0, ||uj||2 0. Hence, with the lower bound for the scalar 
curvature and 



/ ViLvidvolg = a n ||yj|| + / 
Jm Jm 



seal u?dvol g 



I M JM 

> a "llYill2 + inf seal |H 



M 

we get 1 1 1 1 2 — ► 0. Thus, Vi — > in LL\, but the continuous Sobolev embedding gives 
1 = \\vi\\p < C\\vi]\ H 2, 

Analogously, we proceed with a minimizing sequence v p for lim inf p _> Pcrit Q p = 0, i.e. 
\\v p \\p — 1 and J M VpLvpdvolg — >• for p — > p C rit- This implies, exactly as before, that 
||« p ||jj2 — > 0. But from the embeddings, we get 

1 = IMIp < C{p)\\vp\\ H 2 < max C(p)\\vp\\ H 2 

pe[2,p crit ] 

Since each p e [2,p cr i t ] can be written as | = + with < 9 < 1, we then get by 
interpolation that for all u £ Hf 

Nip < llull^llull^ < C{2Y- s C[p crit f\\u\\ Hl . 

Thus, C(p) < C(2) 1 ~ e C(p cr it) which implies that max pg r2 jPcrit ] is finite which provides 
a contradiction to lim inf p -t Parit Qp — (the same interpolation argument applied to p £ 
[p — e,p + e] even shows that C(p) is continuous in p). □ 

Remark 8. For closed manifolds and Q > 0, it holds Q(M,g) = infj 6 r ff i /Lt(g)vol(g) « where 
[g] denotes the conformal class of g. For complete manifolds and Q > 0, we have analogously 
that 

Q(M,g)= inf M (5)vol(#. 

g£[gj, vol(g)<oo 

For manifolds of finite volume, this implies that from p = /i(<?) = we obtain Q = 0. 
Now, we come to solutions of the weighted subcritical problem. 

Lemma 9. Assume that the embedding LL\ c — >■ p a L p is compact for all a > and 2 < p < 
Pcrit = T^rj- Furthermore, let c > seal > c /or constants c and c. Let p > 0. 
Then, for all a > and 2 < p < p C rit, there exists a positive function v € G°° D LL\ with 
Lv = Q^p^vP- 1 and \\p a v\\ p = 1. 

Proof. Firstly, from Lemma [7] we know that Q > and, thus, Q p > for all a > 0. Let now 
a > and 2 < p < p cr a be fixed. Moreover, let Uj G C£°(M) be a minimizing sequence for 
Qp, i.e. J M ViLvi dvol ff \ Q p and |(0 Q Vi|| p = 1. Without loss of generality, we can assume 
that Vi is nonnegative. Moreover, with 

< Qp / / UiiUidvolg = a„||yj| + / seal v\ dvol s > mII^III 
jm Jm 

for i — » oo and p > 0, we obtain that ||t>j||2 is uniformly bounded. Hence, using that 
J M ViLvidvolg > a n \\dvi\\% + c||ui||| the sequence Vi is uniformly bounded in H\. So, Vi —> 
v > weakly in H\ with ||y||2 < lim inf 1 1 Yi 1 1 2 • D ue to the compactness of the Sobolev 
embedding, p^Vi converges to p@v even strongly both in LP and in L? for all (3 > 0. Hence, 
for (3 — a we obtain ||/3 Q i>|| p = 1. Moreover, for any w £ L? p^w f" w pointwise and, thus, 
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with the Lemma of Fatou we get \\w\\ 2 = || liminf^Q K^H! < Hminf^o ||p Hli ^ IMIl- 
Since the scalar curvature is bounded, we further get J M seal p 2/3 vf dvol g — > J M seal uf dvol ff 
for f3 — > and, hence, for every e > we have for i large enough that 

/ seal v 2 dvol 9 / sc&\p 2f3 v 2 < / scalp 2 ^u 2 dvol g + e / scalwf dvol 9 + e. 

JM JM JM JM 

Thus, 

/ vLvdvoig = a n ||v||| + / scali; 2 dvol g < a n liminf Hvjj 2 + lim / scalu 2 dvoLj 

JM ' JM ' 1 ^°°Jm 

< lim / ViLvi dvolg = Q" 
^^Jm 

Hence, \\p a v \\ 2 J M vLvdvol g < Qp". But since Qp is the minimum, it already holds equality 
and v fulfills the Euler-Lagrange equation Lv — QpP^v^ 1 with ||p a u|| p = 1. Furthermore, 
there is a constant C > with Av + Cv > 0. Thus, due to the maximum principle, v is 
everywhere positive. From local elliptic regularity theory, we know that v is smooth. □ 

Before considering the convergence of solutions, we observe that 
Remark 10. From Lemma [5] i it follows: 

Let > Q(M). Then, there exists an ao > such that for all < a < ao we have 

Q(R n ) >QL(4 

Next, we show that a suitable subsequence of the weighted subcritical solutions as in Lemma 
[!|] converges to a solution of the weighted critical problem, i.e. we fix a and let p —y p cr it' 

Lemma 11. Let v a ^ p € H 2 (a > 0, p < p cr it) be smooth positive solutions of Lv a , v = 
QpP ap <~p with \\p a v atP \\ p = 1. We assume that Q(R n ,g E ) > Q(M). Furthermore, let M 
have bounded geometry and p > 0. Let a < ao be fixed where ao is chosen as in Remark \l(A 
Then, abbreviating v p — v a ^ p 

a) there exists k > such that supt> p < k for all p 

b) for p — » p cr u, v p — > v a > in C 2 -topology on each compact set and 

L ^ = Qp^P^V^ 1 With \\pfv a \\ Pertt = 1. 

Proof. From Lemma [55] in the Appendix we know that v p has a maximum. 

a) Let x p € M be a point where v p attains its maximum. We prove the claim by contradiction 

and assume that m p := v p (x p ) — > oo. 

If, for p —y Peru, the sequence x p converges to a point x £ M, we could simply use Schoen's 
argument [151 pp. 204-206] and introduce geodesic normal coordinates around x to show 
that m p is bounded from above by a constant independent of p. 

In general, the sequence x p can escape to infinity, that is why we take a normal coordinate 
system around each x p with radius e := inj(M). This coordinate system will be denoted 
by (j>p and <\> v : B e (0) C R™ — >■ M with <^> p (0) = x p . The bounded geometry of M and the 
boundedness of each v p ensures that Schoen's argument can be adapted: 
With respect to the geodesies coordinates introduced above, we have the following expansions 
[H PP- 60-61] 

g* g (x) = 5 rq + \K l3q x*x3 + 0(\x 3 \) 



3 

Mg^x) = 1-^11^0 +(M\.,- i \). 
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where the upper index p always refers to the coordinate system <j> p around x p , R pi j q denotes 
the Riemannian curvature in x p and R P j the corresponding Ricci curvature. After rescaling 

Up = m p ~ 1 v p ((f)p(8px)) with S p = m p 2 p ^ 2 —> (note that 8 p — > as p — > p cr it) we have 
Up : (0) — > M with u p (0) = 1, u p < 1. The weight function in the new coordinates will 

be denoted by p p {x) := p(<p p (5 p x)). 

In the following, we identify <f> p (8 p x) with 8 p x and omit </) p in the notation. 
The Euler-Lagrange equation in the geodesic coordinates reads (compare [15]) 

ify (b p a^d iUp ) - c p u p + Q^p^uV- 1 = (2) 

Op 

where 

a p j (x) = a n g l3 (S p x) -t a n 

b p (x) = ^Jdet g{S p x) ->■ 1 (3) 
c p (x) = m p ~ p scal(8 p x) — > 

for p ->■ p c „ t . 

Since the Riemannian curvature and, hence, the scalar curvature are bounded, the conver- 
gences in ^ is C 1 on any compact subset of R™. 

Now, we can follow the proof of Schoen and we will show with interior Schauder and global 
L p estimates that u p is bounded in C 2,7 (for appropriate 7) on each compact subset K and, 
thus, obtain u p —> u on C 2 in K: We have on a compact subset K C £1 C M. n : 
L p estimate (using p p < 1 and u p < 1): 

||«p||flf(JO < C K {\\up\\ Lq{K) + W^Uhk)) < 2C K vo\(K)^ < C(K), 

where q and p are conjugate and C(K) only depends on the subset K. 
Together with the continuous embedding Hf C 0,7 where 7 < 1 — ^, we obtain, that u p 
and, thus, also w^ -1 , are uniformly bounded in C° n (K) (for possibly smaller 7). With the 
interior Schauder estimate 

\\Up\\ C ^(K) < C(||u p || C (o) + ||u^ _1 ||c?o.-r(n)) 

u p is uniformly bounded in C 2n (K). With the theorem of Arcela-Ascoli, we obtain, by going 
to a subsequence if necessary, that u p — > u in C 2 on each compact subset. Thus, u > and 
u(0) = 1. 
We estimate 



_2p n -3E--n 

uEftndvoL,, = / &T 2 uEdvoL < C&T 2 ||«J|* 



x\<eSp L JB t {x p ) iy ' 

where the equality is obtained by change of variables and the inequality is the Sobolev 
embedding (see Theorem IT9| . Using Lv p — Qpp ap v%~ 1 with ||p Q w p || P = 1, we obtain 

Qp = / v p Lv p dvo\g = anllYpllia(Af) + / scal-!; 2 dvolg 

JM JM 
> ar.||Ypllia(Af) + Msc ^\\ v p\\h(M) 

and, thus, 

/ u p bpdvol 9E < C8f~^ n (\\v p \\ LHM) + (a" 1 (Q« -i n fscal||^||| 2 ))*) P . 
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From fi > 0, we have additionally that ||u p [|^2 < /•* 1 J Wpiupdvolg = /i 1 Qp. With 
lim sup p _ >Pcr Qp < Qp cHt (Lemma [SJii), we get that |[Wp[[z,2 is uniformly bounded on 
p £ (2, p crit ). Moreover, jz^-n \ for p -> p cr j t . Hence, the integral J^^-i Upfrp dvol SE 
is bounded from above by a constant independent of p. Thus, by the Lemma of Fatou 

u e LP""*(R n ). 

In order to construct a contradiction we distinguish between two cases: 
At first, we consider the case that x p escapes to infinity if p — > p cr it' 
Then, p p — s> as p — >• p cr it and 

a n Au = limsup(Qp«(M) (0 ;>p'- 1 ) = 

P^Pcrit 

on R". From the maximum principle, u(0) = 1 and u < 1 we obtain that u = 1 which 
contradicts u £ (R™). 

Secondly, we consider the remaining case that a subsequence of x p converges to a point 
y e M. Then p p converges to the constant p(y). Hence, 

a n Au = limsup(Qp'(Af) (0 ;>p'- 1 ) 

= (limsupQ^M))^^"*^)^-"- 1 < Q P t crW (M)p Qp -«(t/)u p -«- 1 

on R™. With u > and u(0) = 1, we obtain u > from the maximum principle. 
Moreover, we have for ei < e 

v? p b p dvol 3B < ( min p *)" 1 / p ap vP5£- 2 dvo\ g 

x\<e 1 S p 1 B ei (x p ) JB ei (x p ) 



2p 

p-2 

'B ei (x p )- ■ P - 'B ei (x p )- ■ B E1 (y)- 



< ( min p^)-^^- 2 n < ( mm p^y 1 ~> max ^ oPc " t 



for p < p C rit and by Fatou's Lemma, we obtain ||w|| Por4ti9E < maxg^^ p a . Letting e\ — > 
we have \\u\\ PcriugE < p~ a (y). Thus, 



g(R ») < i^AudyoU ^ Q« rJ M)^-( y )|| u || p -« 



< Q^ lt (M)^"*(y) /9 -«^"'- 2 )(y) < Q a pcr jM)p 2a (y) 

which contradicts the assumption that Q(R n ,<7£) > Q{M) and a < a (see Remark H0| . 
Thus, there exists an k > with m p < /c. 

b) From a), we know maxw p < k for all p. Thus, we can apply the interior Schauder and 
global L p -estimates as above and obtain, that v p — > v a in C 2 on each compact subset K. 
Together with Lemma we get 

Lv a = (limsupQ^)p^-"^"^ 1 < Q^p^^vSr**' 1 . 

P^Parit 

Clearly, ||/0 Q w Q ||p crit < 1 and smoothness of v a follows from standard elliptic regularity 
theory. 
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It remains to show that ||p Q, y a \\ Pertt = 1. Firstly, we assume that v a = 0: 
Since 

Q P < Jm p p — t = Q%\K\\v 2 

(f M v p p dvol g )? 

and Q p > (Lemma [7]), we have 

fQ a \i ( Q a \i 
limsup ||up|| p < limsup —2- < - — , Vmt — — =: c < oo 

p-^Pcrit P^Parit \ Hp / \ Um 1111 p->p C ri t V P / 

where the last inequality uses lim inf v ^ VcTit Q p > from Lemma [7] Thus, 

limsup f p ap vPdvo\ g < limsup( max p ap \\v p \\ p ) < e^ {R ^ )ap "" t 

P^Parit JM\B R P^PaTit M\B R 

where the last inequality follows with Remark [T51 

Choose R — R(a) big enough such that lim sup p _ >Pcr , it J m \ Br p ap vPdvo\ g < \. Then, 



p->p crit j b 



limsup / p ap v p dvo\ g > 



which contradicts the assumption that v p — > v a — 0. Thus, ||p° ! v ct ||p c 
Using the smoothness of v a and that it weakly fulfills Lv a < Qp crit p aPcrit Va cr 
compute 

f, r v n Lv n dvo\„ „ 

o < Qt rit < - — Jm — 9 —^ < Qi r jp a ^\\ p r;r 

(I M P aVmt ^ cr "dvol ff )*«•« 

and obtain ||p Q v a ||p c ,. it = 1 and, hence, equality in Lv a = Qp erU p aPeriij v v ^ Tit _1 . 

In particular, we have lim sup-^- Qp = Qp crit - '-' 

Similarly, we now take the limit for a — > 0: 

Lemma 12. Let v a € H 2 (cxq > a > 0) be smooth and positive solutions of Lv a — 
Qp crit p aParit v p f rit ~ l with \\p a v a \\ Pcrit = 1 . Furthermore, let M have bounded geometry 
and let Q (M" ,g E ) > Q(M). 

Then, there exists k > such that sup v a < k for all a and for a — > 0, v a —> v in C 2 -topology 

on each compact set and Lv = Qp crit v Pcrit ^ 1 ■ 

If additionally Q(M,g) > Q{M,g), we have |M|p crit = 1- 

Proof. The first part is proven in the same way as in Lemma 111! Let x a € M be points 
where v a attains its maximum m a :— v a (x a ). We assume that m a —> oo. In the same way 
as in Lemma ITTI we introduce rescaled geodesic coordinates <j> a on B e (x a ) (where e is still the 
injectivity radius of M) and obtain u a = m^Va^a^Sax)) with S a = m~a Parlt ^ 2 that fulfills 
the same (after changing the upper index p to p cr it and the lower p to a) Euler-Lagrange 
equation Using interior Schauder and global L p -estimates, one can again prove that 
u a e Hy crit and, thus, uniformly bounded in C°' 7 (if) for compact subsets K C M and 
appropriate 7. Hence, u a — > u in C 2 on compact subsets with u > and u(0) = 1. 
An analogous estimate as in Lemma 1 1 1 1 shows that Ji x | <e j-i u p ^ rit b a dvol gE is bounded (in- 
dependent on a). Thus, the lemma of Fatou gives u £ L PaTit (M. n ) and 

a„uAw = limsup(Q" , t p7 m '<"'" 1 ) < Qu^-*- 1 limsup max 

q^0 °" a->0 B t (x a ) 
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With Remark IT%1 we get 

a n uAu < QvP*"*- 1 lim sup max e -<*P-«0|-f;) < Q^rit-i ii msup e -«Par«(|x a |-^-e) 

= Qu^- 1 Iimsup e -<*J>-«KI. 



In case that a|xo,| — > oo as a — > 0, the last limes goes to zero and this leads to a contradiction 
as in Lemma 1 1 1 1 where the case \x p \ — > oo as p — > p cr it was discussed. Thus, from now on 
we can assume that a|x a | is bounded. 
Moreover, we can estimate as in Lemma [TT1 that 



/ 

J X 



and with Remark [T51 we get 



u^ rit b a dvo\g E < max p 



L 



x\ <e5 a 



u£"-"& Q dvol flJS < max e ap "" t{lxl+i) = e °*«-«(l*«l+ e +e 



B e (x a ) 



and, hence, ||u|| Pcrit , 3B < liminfo^o e a ^ Xa ' +e+ ^' = liminfo^o e™' 1 "'- 
Thus, 



'-)< /a ,?^ dV ° lgE < Q(M) liminfe"!^ 



< Q(M) lim inf e a|a: ° 1 lim sup < 

a— >0 



-a\x a \ _ 



Q{M) 



arc- 



where the last equality follows since both limits in liminf Q _>o e^ 3 ^ lim sup a ) q e a l ;Cc * 
finite since we assumed that a\x a \ is bounded. But this gives a contradiction to Q(M. n ) > 
Q{M). Hence, v a has to be bounded uniformly in a. 

Then we can again use interior Schauder and global L p estimates and obtain v a — > v in C 2 
on compact subsets with Lv = <5u Pcrit_1 . 

Assume now that Q(M, g) > Q(M, g) > 0. Clearly, also p a v a —> v in C 2 on compact subsets, 
\\v ||p CT . it < 1 and smoothness of v follows again from elliptic regularity theory. We have to 
show that ||w|| Pcrit = 1. 

Firstly assume, that v a — > v = 0. Then, for a fixed ball B r {z) around z £ Af with radius r 
we get that 



Q(M) = lim inf Q°t (M) = lim inf / v a Lv a dvol 



> lim inf 



v a Lv a dvoL + liminf / v a Lv a dvoL, 



M\B r 



where the first equality is given by Lemma [5]i and the second equality follows from Lv a = 
Qp arit v Pcrit ~ 1 and ||p a w Q \\p crit = 1- The last summand vanishes as a —J- 0. In order to 
estimate the other summand, we introduce a smooth cut-off function rj r < 1 with support 
in M \ B r and rj r = 1 on M \ £?2r- Then, for a — > 



ri r v a L(r] r v a ) dvol s ■ 

M\B r J M\B T 



v a Lv a dvol s 



/ rir v aL(ri r v a ) dvol g — / v a Lv a dvol g 

JB 2r \B,. J B2r\B r 



B 2r \B r 



-)• 0. 
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since v a —> in C 2 on each compact set. Hence, with J M ug crit dvol s > f M (p a v a ) Pcrit dvol fl 
1 and Lemma [5]i we obtain 



Q(M) = liminf Q" (M) > liminf / rirV a L(r) r v a ) dvoL 

a->0 J M\B T 



> liminf (M \ B r ) ( / (t^)""" dvol g 



M\B r 

liminf Q° rit (M \ B r ) f / <-«dvol g - / (1 - dvol g 
> Q(M \ B r ), 



Varit 



where the integral over L$i r \ B r again vanishes since v a — > on compact sets. 
Thus, Q{M) < Q{M) which contradicts the assumption. Thus, we have ||^|| Pcrit > 0. 
Since Lv — Qv Parit ~ 1 and v £ H 2 , we further obtain that 

f,,vLv dvoh „ „ „ 

Q < hl Ml - 9 - Q\H P P Z%- 2 < Q, 

i-e- \\v\\ Perit = 1. □ 

Proof of Theorem^ Combining Lemma IU1 and [T2l with [T71 Cor. 2] (cf. Appendix IX)) where 
the required Sobolev embeddings are proven for manifolds of bounded geometry, we obtain 
Theorem □ □ 

For homogeneous manifolds with strictly positive scalar curvature, we can drop the assump- 
tion on the Yamabe invariant at infinity and reprove a result of Akutagawa: 

Theorem 13. Let (M,g) be a manifold of bounded geometry, seal > c > for a constant 
c and Q(S n ) > Q{M). Furthermore, we assume that there exists a relatively compact set 
U CC M such that for all x £ M there is an isometry f : M — > M with f(x) £ U . Then, 
there is a positive smooth solution v £ H 2 of the Euler- Lagrange equation Lv = Q{M)v Parit ~ l 
with |M| Pcrit = 1. 

Proof. Due to the existence of the isometries, M has bounded geometry. Moreover, since the 
scalar curvature is uniformly positive, p, and Q are positive. Hence, with Lemma|Hl we obtain 
positive solutions v a , p > (a > 0, p £ [2,p crlt )) of Lv a , p = Qpp ap v^ with \\p a v a ^ p \\ p = 1. 
Lemma 1111 and [T2l show that for a certain subsequence v p = i> a (p),p converges to v in C 2 - 
topology on each compact set and Lv < Qv? -1 . We need to show that |M| Pcrit = 1: Due to 
Lemma [2"2l each v p has a maximum. With the isometries, we can always pull the point x p 
where v p attains its maximum into the subset U. 

Thus, w.l.og. we assume that x p £ U. Since v p is maximal in x p , we have that Av p (x p ) > 
and, thus, Qv p ~ 2 (x p ) > scal(a;p) > c. Let x £ U be the limit of a convergent subsequence 
of x p . Then Qv Pcrit ~ 2 (x) > c > 0. Since Q > 0, we have < |H| Por4t and, thus, as in the 
proof of Lemma [T2l ||w|| Porit = 1. Hence, we have a positive solution v £ H 2 of Lv = Qv p_1 
with IML ., =1. □ 



Remark 14. If there exist such isometries, as described in Theorem [TBI we have Q(M) = 
Q{M). 

This can be seen when taking a minimizing sequence Vi £ C^°(M) with ||ui||p crit = 1 
and J M ViLvi dvol s — > Q(M). Denote the diameter of supply U U by dj. Let y £ M be 
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fixed. We define Vi — Vi o fa where fi is an isometry that maps a given point x G M with 
dist(x, U) = i + di to a point in U Then, Vi G C c °°(Af \ B<(j/)), J* M ViMidvolg -> Q(M) and 
||»i|| Popi4 = 1. Thus, Q{M) = Q(M). 

Example 15. Consider the model spaces (Z = S n ~ k ~ 1 x M k+1 ,g c — e~ 2ct g Sn - k -i + g M k+i) 
that appear in [3] formed as the warped product of the standard sphere and the standard 
hyperbolic space for a constant c G [—1,1]. Those spaces have the required symmetries. 
Their scalar curvature is constant and given by scal 9c = —k(k + l)c 2 + (n — k~l)(n — k — 2), 
e.g. for k < 2^ the scalar curvature is positive for all c G [—1,1]. Note that for c = 1 
(Z, gi) is conformal to S n \ S k and thus Q(Z, g x ) = Q(S n ). 

Assuming that c is chosen such that scal gc is positive and Q(Z,g c ) < Q(S n ), Theorem IT51 
shows that for those spaces there is a solution of the Euler-Lagrange equation. 

Moreover, in [3], besides the Yamabe invariant from above the following invariant is used: 

/i (1) (M, 5 ) = infjju G M | 3u G L°° DL 2 ,u ^ 0, \\u\\ Pcrit < 1 : L g u = //m^"'" 1 }. 

The proof of [3J Lem. 3.5] shows, that if (M,g) is a complete Riemannian manifold it is 
^(M,g)>Q(M,g). 

Corollary 16. Let the assumptions of Theorem^ or of Theorem \13\ be fulfilled for a manifold 
(M,g). Then^ 1 \M,g) = Q(M,g). 

Proof. From Theorem [T1 or [T31 we know that there is a smooth solution v G H 2 with L g v — 
Q v Paru-i anc j ||t)|| Pcrjt = 1. That solution is obtained as limit of smooth subcritical solutions 
v p G H 2 . Due to Lemma fTTl v p < k for a fixed constant k. Thus, v G L°° and, hence, with 
^ > Q from above Q{M,g) = fx^(M,g). □ 

A Embeddings on manifolds of bounded geometry 

In [5J Cor. 3.19] there are already given continuous Sobolev embeddings for manifolds of 
bounded geometry: 

Theorem 17. JH Thm. 3.18 and Cor. 3.19] Let (M n ,g) be a manifold of bounded geometry. 
Then Hf(Al) is continuously embedded in L P (M) for - = ^ — — . 

But unfortunately those embeddings are not compact. Therefore, we will work with weighted 
Sobolev embeddings: 

Let p : M — > (0, oo) be a radial admissible weight, see [TTJ Def. 2 and 4]. 

Remark 18. In the following, we will choose p(x) = exp(— r) where r is a smooth function 
with |r(ir) — |x|| < £ for all x G M and a fixed £ > where \x\ := dist(x, z) for fixed z G M. 
On manifolds of bounded geometry, such a function r always exists [TH Lem. 2.1.]. 

We define the weighted L p -space p a L p := {/ | p a f G L P (M)} equipped with the norm 

\\f\\ P «L* := \\p a f\\ LP . 

Theorem 19. \1T\ Cor. 2] If the manifold (M,g) has bounded geometry, for each 2 < p < 
Pcrit = the Sobolev embedding H 2 =— > p a L p is continuous for a > and compact for 
a > 0. 

The hard part of the above theorem is to establish compactness. The continuous embeddings 
can be carried over from the local case as seen below: 
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Remark 20. Let (M, g) be a manifold with bounded geometry. 

i) (Inner L p -estimate) [51 proof of Thm. 8.8 ] For all e > there exists a constant C e (q) such 
that for all x G M 

\\ u \\h«(B c (x)) < Ce(q)(\\u\\ Lq{Be{x)) + \\f\\ L 1(B e (x))) 

for all q, f € L q oc and where u G i?| loc is a solution of Lu = f. 

ii) (Imbedding) Let n < q and < 7 < 1 — From the proof of [5J Sect. 7.8 (Thm 7.26)] 
we have that for all e > there exists a constant C such that for all x £ M -fff (£? e (a;)) is 
continuously embedded in C°' 7 (-B e (x)) 

Corollary 21. TTie inner U" '-estimates and the imbedding of Remark \20\ hold globally on 
manifold of bounded geometry, i.e. i) There is a constant C > such that for u G ff| and 
f G L q with Lu = f it holds 

Nk'<c(||«|| L , + ||/M- 

ii) Let n < q and < 7 < 1 — ~. There exists a constant C such that H\ is continuously 
embedded in C ' 7 . 

Proof. We choose a countable covering of M by geodesic balls Bi all of radius e < inj(M). 
Moreover, the covering is chosen such that it is of (finite) multiplicity to, i.e. the maxi- 
mal number of subsets with nonempty intersection is m, cf. [171 Sect. 2.1]. Let \i be a 
subordinated partition of unity. 
Let u G LL\ and / G L q with Lu = f. Then, 

H|h!(M) < WXiuWhKb,) < C(e) ^(||XiM|U«(B0 + ||Xi/||i«(B 4 )) 
< C(e)m(||u|| ig(M) + ||/|| L ?(Af))- 

= :C 

The imbedding of Remark [201 is treated analogously. □ 

At the end we give a lemma which shows that solutions of the Euler-Lagrange equations 
have a maximum: 

Lemma 22. Let {M,g) be a manifold of bounded geometry. Let v G H\ be a solution of 
Lv = cp av v v ~ x with \\p a v\\ p = 1 for p < p cr u- Then, limsupui^^ v{x) = 0, in particular v 
has a maximum. 

Proof. Assume, that there exist a constant V > and a sequence Xi G M with v(xi) > V 
and dist{xi,p) — > 00 with dist{xi, Xj) > 2e for fixed p G M. We set Bi = B t {xi). Then, the 
interior L p -estimates from above give |M|ij«( B .) < C e (q)(\\v\\ Lq ^ Bi) + \\p ap v p ^ 1 \\L<HB i ))- 
Moreover, the Sobolev embedding in Theorem [TU1 shows that v G L p . From p a v G L p , 
Lv = cp^v 11 ' 1 and < p < 1, we obtain Lv G L qi with q\ = j^j. The Schauder 
estimate above gives v G H^{Bi) with H^Uff^fs^ — CC e . Then the Sobolev embedding 
give ||w||ifi(s 4 ) < C e CC with pi — and where C is the constant appearing in the 

corresponding Sobolev embedding. By a bootstrap argument we obtain for large q that 
IMIffK-Bi) ^ K(<l) where the constant K(q) depends on q but not on i. This bootstrap 
works since p < p cr it- Thus, with Remark l2"01ii we get that ||f||c°.<*(.B ( ) < c a where c a is 
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independent of i. 

From Theorem [TO] we get from v e Hf that v 6 LP. Thus, 

oo > |M|p > V INU^u^)) > K V min u(ar) 

— xeBs{xi) 

where K p — inf vol(i?5(a;i)) and 5 < e. Thus, min x& B d r x A v(x) —> as i — > oo. But we 
know that on each Bg(xi) we have \v(x) — v(y)\ < c a \x — y\ a < c a 6 a . Thus in the limit 
for i — > oo we get V < c a 6 a . Choosing S small enough we have a contradiction. Thus, 
limsup| a .|^. 00 u(a;) = 0. □ 
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